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Regularization Methods

Noisy data: Find x satisfying

Ax =y,

having

Iy’ =yl < 4.

(Regularization Property)

For each pair (y°,6) find a vector

X5 ~ X+
such that
xs —xt  as 66— 0.
V.
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Iterated Tikhonov

Ti(x) = l1Ax = y°II" + aucA(x, xic-1),
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Iterated Tikhonov

Ti(x) = l1Ax = y°II" + aucA(x, xic-1),

X, € arg min Ty(x)

How to choose (a) ?
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Iterated Tikhonov

Tk(x) = %HAX — " 4 e A(x, x—1), ok >0

X € argmin Ty (x)

How to choose () 7

Common (a priori) choices:

@ () = constant

@ ap =rak_1,with0<r<1
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Motivation in Hilbert Spaces
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Motivation in Hilbert Spaces
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Motivation in Hilbert Spaces

x1 = Pq(xo0)

Polarization identity:

2 2
Tlxt =l = Lixt — ol = =3 [xa — xol” + (x4 — x0, 1 — xT)
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Motivation in Hilbert Spaces

Zo

\ N

(x1 — xp,x1 —xT) <0

2 2
3 It =xll® < 3 lIxT = ol
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Motivation in Hilbert Spaces

x1 = Pqa(xo)
=
X1 solves
{ min 3 [[x — x|
s.t. x €
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© The Projection Method
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Bregman Distance
Subdifferential: ¢ : X — R convex, X Banach, xo € X

Op(x0) :={&o € X* : o(x) > ¢(x0) + (&0, X — Xx0), VX € X}

Definition (Bregman Distance)

¢ : X — R convex, X Banach, & € d¢(xo)

Agyp(x, x0) = ¢(x) — p(x0) — (€0, X — x0)

X Hilbert and ¢(x) = 1||x||2 implies Ag,0(x, x0) = 3|[x — xo||2.
Three Points Identity:

A&()D(X*?Xl) - Aﬁo@(X*vXO) = _Afoso(XlaXO) + <§1 - 507X1 - X*>

for all x*, xg, x1 € X, & € Op(x0) and &1 € Jp(x1).
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Banach Spaces

Q

Q closed and convex

X1 solves

min Ag, (X, Xo)
s.t. x €N
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Back to Inverse Problems

Ax =y, ly —y°ll <6
Define:

Q= {xeX:|Ax—y°| < p}, p>0

o u>d=xteQ,

o 1< [[Axo — Y0 = x0 ¢ Qu

Thus § < p1 < ||Axo — y°|| implies Q,, separates xp and x*.
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Optimization Problem

{ min Agy0(x, x0) (
st [|Ax — y0| < p

[y
~—

(A
= argmind 24x = Y7+ Bl b 600 = 14—yl (@)

Lemma

Assume § < ju < ||Axo — y°||. Are equivalent:

1. x is a solution of (1);

2. x = xy, N > 0 and G(A*) = p in (2).

Define
= 77||AX0_y6||+(1_77)5a O<77min§77§77max<]-
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Algorithm (Nonstationary lterated Tikhonov)

[1] choose an initial guess xp € X and & € 0p(xp);
[2] choose 0 < Mmin < Nmax < 1, 7> 1 and set k :=0;
[3] while (||Axx — y°|| > 76) do
[3.1] k= k+1;
[3.2] compute \i, xx such that
Xk = arg min )‘—rk||Ax — Yo" + Ag,_, o(x, xk—1) and

Trmin | A%ic—1= Y2 ||+ (1= 7min )8 < |AX%—y° || < Nimax|| Axk—1 =y ° |+ (1 —1max )

set fk = gk—l — /\kA*Jr(AXk — yé).

v
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Main Results

(Assumptions)

a) A: X — Y is continuous;

b)y € R(A);

c) ¢ is weakly l.s.c. and uniformly convex;

d) X is reflexive and Y is uniformly smooth.

1. Algorithm is well-defined and terminates;

(r—1)8 .
2. ks < log,,,,, (Aii) + 1

3. D k) = B (3 xac1) < A (1= 1) A — ¥
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Main Results

4. There exists a unique solution x € X satisfying

AﬁoSO(XT?XO) = inf{A&)QO(X,Xo) X E D(SD)7AX = y}'

5. (noise-free convergence): 6 = 0 = x, — x' as k — o0;

6. (regularization): xx;, — x' as § — 0.
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Thank you for your attention!
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