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[[I-Posed Problems

Inverse Problems

Find the CAUSE of a phenomenon from partial
knowledge of the EFFECT produced by it.

Mathematically: Find x satisfying

F(x) =,
F:X D> D(F) — Y operates between Banach spaces.

Definition (Well-posedness (Hadamard))

1. Existence
2. Uniqueness

3. Stability
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Regularization Methods

Noisy data: Find x satisfying

F(x)=y,

having

Iy’ —yll < 4.

(Regularization Property)

For each pair (y°,6) find a vector

X5 ~ X+
such that
xs —xt  as 66— 0.
V.
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Example: Electrical Impedance Tomography

Surface voltage

:measuremen(

Current
injection

[I. Frerichs et al. 2001]

Neumann-to-Dirichlet operator

Ay : RY — RY, | — U

Inverse Problem: Find o € L*°(Q) satisfying

F(o) =Ny,

having

INS = Aol ore ey < 6.
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Difficulties in Banach Spaces
As = b, A: X — Y linear
Hilbert spaces:
o(s) == %HAS — b||? is differentiable,
by = V(se) = A(Asi — b) € X,
Sk+1 1= Sk — Ak, with A > 0.
Banach spaces:
¢(s) := 1||As — b||", r > 1, is subdifferentiable,

i € dp(sk) C X*,

Jp: X —X* or  jg:X*— X s necessary.
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Duality Mapping

F) =L, p>1
Convexity: related to convexity of f

Smoothness: related to differentiability of f
Definition (Duality Mapping)

JIp(x) == Of (x)

Selection: j, : X — X*,  jp(x) € Jp(x)

Up(x),y) < [IxP~ Iyl and  (jp(x), x) = [Ix[|P
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Bregman Distance
Polarization Identity:

3lx = yl? = 3117 = (v, %) + 3llyII?

Definition (Bregman Distance)

Ap(x,y) = HlIXIIP = (), %) + o lip ()P

A, is not a metric
Definition
X is p—convex < Ap(x,y) 2 I%||x — y|IP for all x,y € X

X is p—smooth < Ap(x,y) S %Hx —y|IP for all x,y € X
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Smoothness/Convexity of Power Type
X p—smooth = X uniformly smooth = X smooth

X p—convex = X uniformly convex = X strictly convex

Examples

1. The spaces LP(2), W™P(Q) and ¢P(R), 1 < p < oo, are
max{p,2}—convex and  min{p,2}—smooth

2. Hilbert spaces are 2—convex and 2—smooth

3. Jp: LP(Q) — LP(Q), 1<p<co

Jp(g) = |g|P~'sgn(g)
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REGularization INexact Newton

Algorithm (REGINN (A. Rieder, 1999))

Input: xo, F,y°,8 >0, € (0,1),7 > 1
n=0,
Repeat n

sno=0, k=0, A,=F'(xn), b = y® — F(xy),
Repeat k

Compute sp k41 = h(sp k) from Aps = b?,

Until [|Ansy i — b3 < s |63
Xp+1 = Xn a4 Sn,ky

( Until ||B|| <70
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Convergence Analysis

Tangential Cone Condition: for all x,y € B C D(F)
IF(x) = F(y) = F'(")(x =)l < 0l F(x) = F(y)l;

(Assumption 1)

Jim [|Ansy k= bl = Jnf [|Ans — Al

0<n«l1

1. Inner iteration terminates
2. All (outer) iterates are well-defined
3. REGINN terminates after N(4) € N iterations

4 ||BS | S ARSI, 0<A<1
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Convergence Analysis

(Assumption 2)
en :=x"—x,,  and (Ank) C Ry

Ap(X—i_a Xn + 5n,k+1) - Ap(X—i_a Xn + 5n,k)
< AnkllAnsnk = Boll " (| Anen — B3Il = Cll Ansn i — Byll)

v

5. Ap(xT, xpt1) < Dp(xT, xn)
6. (xn)n uniformly bounded on n and ¢

7. XN((5) — xT asd — 0
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Convergence Analysis

(Assumption 3)
Spo = 0 and

jp(Xn aF 5n,k+1) = jp(Xn aF Sn,k) - An,kA*n/.r(Vn,k)7

with [Vl < [1Ansnk — B3]

8. x, — xT asn— 00 (6§ =0)

(Assumption 4)

5 0
Snk — Sk as  0—0 }

9. xn) — xTasd —0
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A Concrete Example (Gradient Methods)

Hilbert spaces:

@n(s) == 3||Ans — b3||? is differentiable,

Vnk = Von(snk) = Ab(Ansnk — b3) € X,

Snk+1 1= Sp.k — Mk, with A > 0.

Banach spaces:

@n(s) == 1||Aps — BY||", r > 1, is subdifferentiable,
Uk € 0pn(Snk) = Abdr(Ansni — b3) C X*,

jp(Xn + sn,k—i—l) = jp(Xn + sn,k) - )\wn,k-
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Further Examples
Some methods satisfying Assumptions Al to A4

1. Gradient methods
Landweber!, Modified Steepest Descent, Minimal Error

2. Tikhonov methods
lterated-Tikhonov?, Tikhonov-Phillips

3. Mixed Gradient-Tikhonov methods

4. Kaczmarz methods!»?

1 [F.M., A. Rieder, A. Leitdo. 2014], 2 [F.M., A. Rieder. 2014]
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Electrical Impedance Tomography

Neumann-to-Dirichlet (or Current-to-Voltage) operator

Ay : RY — RY, | — U

Inverse Problem: Find o € L>°(Q) satisfying

F(o) :=Ns,
having
6
NG = Aol <0
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Sparsity Constraints

Mixed method. § = 0.1% Gaussian noise

Exact ‘ ‘
(Xl [le2) e 0
(X[ Nl pron) Q @
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Impulsive Noise

Decreasing Error method. 6 = 1% impulsive noise

0.01
0
-0.01;
16
12
8 12 16
4 4 8

Exact (Yoll-l2) (Yl - llon)

@00
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Conclusions

1. General convergence analysis

2. Many different methods can be used

3. Good results for EIT
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