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[[I-Posed Problems

Inverse Problems

Find the CAUSE of a phenomenon from partial
knowledge of the EFFECT produced by it.

Mathematically: Find x satisfying

F(x) =,
F:X D> D(F) — Y operates between Banach spaces.

Definition (Well-posedness (Hadamard))

1. Existence
2. Uniqueness

3. Stability
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Regularization Methods

Noisy data: Find x satisfying

F(x)=y,

having

Iy’ —yll < 4.

(Regularization Property)

For each pair (y°,6) find a vector

X5 ~ X+
such that
xs —xt  as 66— 0.
V.
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Difficulties in Banach Spaces
As = b, A: X — Y linear and bounded
Hilbert spaces:
¢(s) := 1||As — b||? is differentiable,
Vi = Vp(sk) = A*(Ask — b) € X,
Sk+1 1= Sk — Ak, with A > 0.
Banach spaces:
¢(s) :=1||As — b||", r > 1, is subdifferentiable,

bk € p(sk) € X7,

ji X — X* and j*: X* — X  are necessary.
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Duality Mapping

F) =L, p>1
Convexity: related to convexity of f

Smoothness: related to differentiability of f
Definition (Duality Mapping)

JIp(x) == Of (x)

Selection: j, : X — X*,  jp(x) € Jp(x)

Up(x),y) < [IxP~ Iyl and  (jp(x), x) = [Ix[|P
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Bregman Distance
Polarization Identity:

3lx = yl? = 3117 = (v, %) + 3llyII?

Definition (Bregman Distance)

Ap(x,y) = HlIXIIP = (), %) + o lip ()P

A, is not a metric
Definition
X is p—convex < Ap(x,y) 2 I%||x — y|IP for all x,y € X

X is p—smooth < Ap(x,y) S %Hx —y|IP for all x,y € X
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Smoothness/Convexity of Power Type
X p—smooth = X uniformly smooth = X smooth

X p—convex = X uniformly convex = X strictly convex

Examples

1. The spaces LP(2), W™P(Q) and ¢P(R), 1 < p < oo, are
max{p,2}—convex and  min{p,2}—smooth

2. Hilbert spaces are 2—convex and 2—smooth

3. Jp: LP(Q) — LP(Q), 1<p<co

Jp(g) = |g|P~'sgn(g)
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Assumptions

1. B:=B,(x",A,) C D(F) with F(x")=y
2. F F-differentiable and ||F'(x)|| < M, Vx € B
3(TCC). 30<n < 1suchthatVx,we B
IF(x) = F(w) = F'(w)(x = w)|| < | F(x) = F(w)]|

4. X is loc. unif. smooth and p—convex
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REGularization INexact Newton

Algorithm (REGINN (A. Rieder, 1999))
Input: xo,F,y5,6,u,T

n=0,

( Repeat n

$n0=0, A,=F'(x)), bl=y’—F(xn), k=0,
Repeat k
Choose Apk >0 and b,y € ALJr(Ansnk — bS)
Jp(Xn + 5n,k+1) - Jp(Xn + Sn,k) - )\n,kwn,k

Until HAnsn,k - bgH < 12 Hbg”
Xp+1 = Xp + Sn,ky

[ Until ||B3|| <76
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Decreasing Error
Io(zky1) = Ip(zk) — M, Yk € Op(sk) = A*J.(Ask — b) J

e =x"—x,

From Three Points ldentity,
Dp (X1, k1) —Dp (X1, 2k) = Dp(2k, zks1)+(Ip (2ks1) — Ip (24) 2k — xT)
But,
Dp (2, ziv1) = Dpe (Ip (2h41) , Ip (21))
< Cor [[9p (z11) = Jp (2017 = Co AP [P

and
(Jp (zk41) — Ip (2k) s 2k = xT) = =N (A%j; (Asx — b) , s — €)

< —M{[|Ask — b||" — || Asi — b||""}[|Ae — b] }

—A(l - g)HAsk — b

IN
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Decreasing Error

Thus

Bp (x*, 2kt1) = Bp (xF, 26) < Coo AP [P = A(L = 2) [|Asc — b"

If
— ¢ IAs—b||rP—D ._ (l—n/u>p_1
A< Amax = Go Tox P , G = Cr > 0,
Then
AP (X+7 zk+1) < AP (X+7 Zk) )
Which implies

Ap (X+’X"+1) =4y (X+’an) <A, (X+’ZO) =4y (X+,X,,),

Fébio Margotti (UFSC) REGINN-Gradient in Banach spaces Aug 2016

16 / 24



Results

1. If Amax is a bit smaller then
a) 0 <A< Amax = Bp (xT, zq1) — Bp (xT,26) S —A||Ask — b]|"
b) The same holds if § > 0 and 7 large enough
2. X E [Amins Amax],  Amin := C||As, — b‘SHt implies
a) kp < o0
b) N(d) < oo

c) (Xn)o<n<n(s) uniformly bounded
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Results
3. 7 small enough = [|y® — F(xpr1)| < Ally° — F(xa)|l, A<1

and

)
N@)<logy| ———0 ] +1

(9) = log <||y6 ~Fo)l )

4. § =0 implies

(xn) converges to a solution as n — oo

6 .
Xn

5. Y loc. unif. smooth and ( fixed with 0; — 0

)ogngN(aj)
= 3 a noiseless sequence (x,) s.t.

VM € N, 3 a subsequence <6j ) satisfying
m
xgj’"—>x,, as m—oo, 0<n<M
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Results

6. Regularization Property: If 6; — 0, then

a) Each subsequence of <x,%'(5,)) has itself a subsequence
17

which converges to a solution

b) If the solution is unique,
XT o xt as - o0
N(8))

c) If ()\ijk) converges, then
"

5 . .
(x,\j(&)> converges to a solution as j — oo
177

Fébio Margotti (UFSC) REGINN-Gradient in Banach spaces Aug 2016

19 / 24



© REGINN-Gradient in Banach spaces

@ Numerical Experiments

Fabio Margotti (UFSC)

REGINN-Gradient in Banach spaces



Electrical Impedance Tomography

Surface voltage

Neumann-to-Dirichlet operator

Ay : RY — RY, | — U
injoction

[I. Frerichs et al. 2001]

Inverse Problem: Find o € L*°(Q) satisfying
F(o) = Ao,
having
1N = Aol £(re gy < 6.
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Electrical Impedance Tomography

1. Sparsely distributed conductivity

2. 16 Electrodes

3. No noise (6 =0)
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Electrical Impedance Tomography
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